VARIATION FORMULAS FOR PRINCIPAL 
FUNCTIONS (II) 
APPLICATIONS TO VARIATION FOR HARMONIC SPANS 



SACHIKO HAMANO, FUMIO MAITANI, HIROSHI YAMAGUCHI 

Abstract. For a domain D in Cz with smooth boundary and 
for a,b IE D,a ^ b, we have the circular (radial) slit mapping 
P(z)(Q(z)) on D such that P{z) - {Q{z) - ^) is regular 
at a and P{b){Q{b)) = 0, and we call p{z) = log|P(z)| {q{z) = 
\og\Q{z)\) the Li-(Lo-)principal function; a = log|P'(6)| (/? = 
\og\Q' {b)\) the Li-(Lo-)constant, and s — a — /3 the harmonic 
span, for D. S. Hamano in [5] showed the variation formula of 
the second order for the Li-const. a{t) for the moving domain 
D{t) in with t £ B := {t e C : \t\ < p}. We show the 
corresponding formula for the Lg-const. /3{t) for D{t), and combine 
these formulas to obtain, if the total space T> — Ut£B{t,D{t)) is 
pseudoconvex in i? x Cz, then s{t) is subharmonic on B. Since 
the geometric meaning of s{t) is showed, this fact gives one of the 
relations between the conformal mappings on each fiber D{t),t e B 
and the pseudoconvexity of T). As a simple application we obtain 
the subharmonicity of log cosh on B, where d{t) is the Poincare 
distance between a and b. 



1. Introduction 

Let Rhe a. bordered Riemann surface with boundary dR = Ci + - ■ -+0^ 
in a larger Riemann surface i?, where Cj, j = 1, . . . , is a C"^ smooth 
contour in R. Fix two points a, b with local coordinates \z\ < p and 
k ~ ^1 < P where a{h) corresponds to O(^). Among all harmonic 
functions u on R\ {0,^} with logarithmic singularity log ^ at and 

log 1^ — ^1 at ,^ normalized \miz-¥Q{u{z) — log j^) = 0, we uniquely have 
two special ones p and q with the following boundary conditions: for 
each Cj, p satisfies p{z) = const, cj on Cj and ^^^ds^ = (where 

g|- is the outer normal derivative and dsz is the arc length element at 

z of Cj), while q does = on Cj. We call p and q the Li- and 
the Lg-principal function for {R, 0, respectively. The constant terms 
a := lim2_j.g(p(z) — log \z — ^|) and /3 := \imz^^{q{z) — log \z — are 
called the Li- and the Lo-constant for {R,0,C,) (see llj and [15] ). 
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Now let B = {t eC : \t\ < p} and let 7^ : t G 5 ^ R{t) m Rhe a 
variation of Riemann surface R{t) with t & B such that each R{t),t G B 
contains the origin 0; dR(t) = Ci(t) + - ■ ■+Ci^(i(:) is smooth in R, and 
dR{t) varies C"^ smoothly on R with teB.Let^{t)e R{t), t G B vary 
holomorphically in R with t E B. Then each R{t),t G -B admits the Li- 
(Lo-)principal function p(t, z){q{t, z)) and Li-(Lo-) constant a(t){f3{t)) 
for 0, ^(t)). S.Hamano |8] established the variation formula of 

the second order for a{t) (see Lemma [2. II in this paper), which implied 
that, if the total space 71 = U^g^l^, -R(^)) is a pseudoconvex domain in 
B X R, then a{t) is subharmonic on B. Continuing on [S] we show the 
variation formula for P{t) (Lemma 12.21) in this paper, which continues 
on [lOj. To prove the formula for P{t) we add a new idea to her proof 
for a{t). In fact, the formula for a{t) does not concern the genus of 
R{t) but that for P{t) does concern it. The formula for P{t) implies 
that, if TZ is pseudoconvex in B x R and if R{t),t G -B is planar, then 
/3{t) is superharmonic on B. This contrast between the subharmincity 
of a{t) and the superharmonicity of f3{t) are unified with the notion of 
the harmonic span s(t) := a(t) — f3(t) for {R{t),0,^(t)) introduced by 
M. Nakai (see (13. ip in §3): ifTZ is pseudoconvex in B x R and R{t),t G 
B is planar, then s{t) is subharmonic on B. This implies (Corollary 
14. 2p : assume moreover that each R{t),t G is simply connected. Let 

:= Ut^B{t,C,i(t)),i = 1,2 be two holomorphic sections of TZ over B 
and let d{t) denote the Poincare distance between ^i(t) and ^(t) on 
R{t). Then 6{t) := log coshd{t) is subharmonic on B. Further, 6{t) is 
harmonic on S iff 7?. is biholomorphic to the product B x R{0). 

We thank Professor M. Nakai for his helpful advice in our study 
of harmonic spans. We also thank Professor M. Brunella for his kind 
comment to Corollarv 14.21 

2. Variation formulas for Lq-principal functions 

Let B = {t E C : \t\ < p} and let 71 be an unramified (Riemann) 
domain over B x C^. We write 7Z = Ut<zBit, R{t)), where R{t) is the 
fiber of over t G S,i^e., R{t) = {z : {t, z) G U}. We assume R{t) ^ 
for any t E B, so that R{t) is Riemann surfaces sheeted over without 
ramification points. Consider a subdomain 7Z m.7Z such that, putting 
7Z = UteB{t, R{t)), where R{t) is the fiber of 7^ over t G B, 

1. R{t) 3) _R(t) ^ 0^ t g and R{t) is a connected Riemann 
surface of genus g > such that dR(t) in R(t) consists of a 
finite number of smooth contours Cj{t), j = 1, . . . ,i>; 

2. the boundary d7l = Utesit, dR{t)) of 7^ in is C"^ smooth. 

Note that g and u are independent of t G -B. We give the orientation 
of Cj{t) such that dR{t) = Ci{t) + ■ ■ ■ + C^{t). We regard the two- 
dimensional unramified domain 7Z over B smooth variation 
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of Riemann surfaces R{t) (sheeted over without ramification points 
and with C"^ smooth boundary dR{t)) with complex parameter t & B, 

n-.teB ^ R{t) ^ R{t). 

We denote by T{B, TV) the set of all holomorphic sections of TZ over B. 
Assume that there exist Sq, G Vi^B^lZ) such that Sq : = and 
: z = ^{t) with So n = 0. Let t G -B be fixed. It is known (cf: § 3, 
Chap. Ill in pQ) that R{t) carries the real-valued functions p{t,z) and 
q{t, z) such that both functions are continuous on R{t) and harmonic 
on R{t)\{0,^{t)} with poles log ^ at 2; = and log — at z = ^{t) 

normalized \im^-^o{ p{t, z) - log |^) = lim;,^o( q{t,z) - log ) = at 
z = 0, and p{t, z) and g(t, z) satisfy the following boundary condition 
(Li) and {Lq), respectively: for j = 1, . . . , i/, 

f Op(t, z'\ 

(Li) p{t, z) = const. Cj{t) on Cj{t) and / — — dsz = 0] 

jCj(t) (y^z 

(Lo) = on C,{t). 

We call p{t, z) and q{t, z) the Li- and the Lo-principal function for 
0, ^(t)). We find a neighborhood Uo{t) of ^ = such that 

p{t, z) = log -^^ + ho{t, z) on f/o(t); 

(2.1) g(t, z) = log ^ + fio(t, onUoit), 
where ho{t,z), l)Q{t,z) are harmonic for z on Uo(t) and 

/io(t,0), f)o(t,0) = on 5. 
We also find a neighborhood f/g(t) of 2; = ^(t) such that 

p(t,2;) = log|2;-^(t)| + a{t) + h^{t, z) on U^{t); 

(2.2) q{t, z) = log I2; - m\ + /3W + on [/^(t), 

where a{t), (3{t) are the constant terms, and h^{t,z), [)^{t,z) are har- 
monic for z on U^{t) and 

(2.3) h{t,m), Ht,m) =0 onB. 

We call a(t) and f3(t) the Li- and the Lq- constant ioi {R(t),0,^(t)). 
The following variation formula of the second order for a{t) is showed: 

Lemma 2.1 (Lemma 1.3 in [S]). 

JaR(t) oz TrJJB.it) dtdz 



Here 

'^'''^ ^dtdVdz^ ^^dtdzdtdz^^\dt\ dzd-z''\dz\ 

on dTZ, where if{t,z) is a C"^ defining function of dTZ. 

Note that ki(t,z),i = 1,2 on dTZ does not depend on the choice of 
defining functions ip{t, z) of 371, where z) is due to Hadamard and 
/c2(t, z) is called the Levi curvature for 371 ((1.3) in [11] and (7) in [12]). 
The first formula in the lemma is proved by the similar method to that 
in Lemma [2.21 b elow . 

We shall give the variation formulas for /3(t). In case when R{t) is 
of positive genus g >lwe need the following consideration, which was 
not necessary for the variation formulas for a{t). We draw as usual 
A,B cycles {Ak{t), Bk{t)}i<k<g on R{t) which vary continuously in 71 
with t G -B without passing through 0, S,{t): 

Ak{t) nBi{t) = for A; ^ /; X 5fc = 1 for A; = 1, . . . , g; 

^^■^^ Akit)nAi{t) =Bu{t)nBi{t) = %ioik^l. 

Here Ak{t) x Bk{t) = 1 means that Ak{t) once crosses -Bfc(t) from the 
left-side to the right-side of the direction B^it). On R{t),t E B we put 
*dq{t, z) = —^^^^dx + ^^^^dy, the conjugate differential of dq{t, z). 

Lemma 2.2. 

mat IT jQii{t) ^ J jR{t) c^c^ 

*Mt,z))-df *dqit,z)). 



TT 

k=l 



Proof. It suffices to prove the lemma at t = 0. If necessary, take a 
smaller disk B of center 0. Since both 37Z in 7Z and 3R{t) in R{t) 
are smooth, we find a neighborhood V = W^^-^Vj (disjoint union) 
of 3R{0) = Uj=iQ(0) such that {B x V) f] (Sq U S^) = 0; Vj is a 
thin tubular neighborhood of Cj{0) with Vj D Cj(t) for any t E B, and 
q{t,z) is harmonic on [i?(0)U\/]\{0,^(t)}. We write ^(0) : = i?(0)U\/, 
so that g(t, z) is defined in the product B x /2(0). 
We divide the proof into two steps. 

I''* step. Lemma lKE is true in the special case when is a constant 
section, say, for example, Ei : z = 1 on B. 
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In fact, formula fl2.2p becomes 

(2.5) qit, ^) = log |;2 - 1| + + z) on 

where f)i(t, 1) = on B. For t E B we put z) := g(t, z) — g(0, 2;) 
on ^(0) \ {0,1}. By putting u{t,0) = and u{t,l) = f3{t) - /3(0), 
u{t,z) is harmonic on _R(0). Let e : < e 1, 72(0) = {\z\ < e} and 
7£(1) = {|z — 1| < e}. Then Green's formula implies 

JdR{0)-dj,{0)-dj,{l) '^'"'2 

Letting e — )■ 0, we have from = on Cj{0),j = 1, . . . , i^, 

(2.6) m-m = ^j2l ^(0'^)^#^^^^=:^E^.w- 



We take a point 2;°(^) on each Cj{t),t G -B such that Zj{t) continuously 
moves in dTZ with t E B, and choose a harmonic conjugate function 
q*it,z) of g(t,z) in V,- such that q*{t,z°{t)) = 0. Since = on 

Cj{t), q*(t,z) is single- valued in and 



(2.7) q*{t, z) = for z G Cj(t), t G 5. 

Since (ig*(t, z) = ^^^dsz, dq{0, z) = —^^^^^^dsz along Cj{0), we have 



I,{t)= / g(0,2:)rfg;(t,z) 

JC,{0) 



d[q{0,z)q*it,z)]-q*{t,z)dqiO,z) 

C,(0) 

Differentiating both sides by t and t at t = 0, we have 
(2.8) £!i,0)./ M,o..)MM,,,; 



^ Jc,{o) dt duz 

d'^L f d'^q* dq*AQ,z, 

(2.9) ^(0)=/ -^(o,z)-^^l^cis 



dtdi^^' Jcj{o) 9tdt^"^ duz 

We recall the following 

Proposition 2.1 ((1.2) in [8J). Letu{t,z) be a function for (t, z) 
in a neighborhood Vj = UteB(t,Vj(t)) ofCj = UteBit,Cj{t)) over B xC^ 
such that each u(t,z),t E B is harmonic for z in Vj{t) and u{t,z) = 
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a certain const. Cj{t) on Cj{t). Then 

du du du 2 

(i) -^-^ds^ = 2ki{t,z)\ — \ dsz along Cj{t); 

(u) = 2fe(M)l3jP*. + ^^*. 

We apply (i) for u{t, z) = q*{t, z) with ([2TD to ([23D and obtain 

at vryg^(o) ' dz ' 

which proves the first formula in Lemma 12.21 in the 1st step. 

To prove the second one, we apply (ii) for u{t, z) = q*{t, z) with fl2.7p 
to (12.91) and obtain 

dtdt J CM dz ' Jc.(o) dt dtdz 

We put 

We fix a point z° 0, 1) such that B x {2°} C 7^. On each t G 5 
we choose a branch 2) of harmonic conjugate function of q{t^ z) on 
-R(O) \ {0, 1} such that g*(t, z^) = 0. Since /(^ *dq{t, z) = 0, we have 

z') = q*{t, z") mod {27r, afc(t), b,,(t) (A; = 1, . . . , 
for any z\ z" over the same point z G -R(O) \ {0, 1}. We also have 

g*(t, z) - q*{t, z) = Cj{t) on Vj, 
where Cj{t) is a certain constant for z E Vj. It follows that 

dq* d'^q* 
-^{0,z)-^{0,z)dz 
c^.(o) dt dtdz 



Jc,{o) dt dtdz dt J CM dtdz 



If we put f{t,z) := q*{t,z) - iq{t,z) for (t, 2;) G 5 x V,-, then / G 
C^[B X l^) and each f{t,z),t E B is single-valued and holomorphic 
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for z in Vj, so that 



Jc,(o) dz Jc.m dt dtdz 



It follows from (ESI) that 



(2.10) 

^.(o,.)|^|X- ^^{/ ^(o,.)#(o,.M. 

We shall divide the proof into two cases. 

Case when R{t) is planar, i.e., g = 0. In this case, each q*{t,z),t G 
B is determined up to additive constants mod 27r. It follows from (12.1 p 
and (12. 5p that, for any fixed t G B, ^'^ g*'^-* is a single- valued harmonic 
function on -R(O), and ^ gidf'' ^ single- valued holomorphic function 
on i?(0). We have by Green's formula 

/ ^(O'^)Sf (0'^)^^ = 2^ [f \^{0.^)\'dxdy. 
JdR(o) dt dtdz JjR(o)dtdz ' 



'dR{0) '-'^ ^^^'^ JJR(0) 

^2/3 If ,|9g(0,z)|2, 4 [[ , d\ 



(0) = -- / k2i0,z) r^^^''^n ^ds,-- II \^^{0,z)\^dxdy 



dtdt JdR(o) dz TT JJji^Q^^dtdz 

which is desired. 

Case when R{t) is of genus g>l. Weput i?'(0) = i?(0)\U|^i(Afc(0)U 
Sfc(O)) and ^'(0) = ^'(0) U V, so that i?'(0) and ^'(0) are planar Rie- 
mann surfaces such that 

9 9 

dR'iO) = dR{0) + J2{At{0) + A^m + £(5+(0) + 5. (0)). 

fc=l k=l 

Here yl^(0)(A^(0)) is the same(opposite) direction of Ak{0), and B^{0) 
{B^[0)) is similar. For t G -B, if we restrict the branch q*{t,z) (with 
q*{t,z^) = 0) to R'{0) \ {0,1}, then q*{t,z') = q*{t,z") mod 2n for 
z',z" over the same point z G -R'(O). Hence ^(0,^;), |j|^(0, z) are 
single- valued harmonic functions on -R'(O), so that 

^{0,z)^{0,z)dz 
dR{o) ot dtdz 

2„* ^ r A^* a2„* 



JJr'{Q) dt dtdz ^iA±{0)+B±(0) dt 



(0..)||(0..M. 



=: Ji — J2- 



Since ^-(0,2;) is holomorphic on R'{0), we have by Green's formula 



-^1 = 2^ // \i7hiO,z)\^dxdy; 



dtdz 



By fl2.4l) and J(j,(^q^ *dq{t, z) = 0, j = 1, . . . , g, we have, for z"^ over any 
zeAkiO), 

q*{t,z+) - q*{t,z-) = / *dq{tX) mod 27r. 

Jb,.(o) 



(0) 

f 



which is independent of z G ^4^(0). It follows from ^^-^^dz = ^(*dq{t, z) 
i dq(t, z)) that 

By Bk{0) X A,{0) = -1, it similarly holds Jsl^^) = -|^(0) • %^(0), 
so that J2{Ak) + J2(Sfc) = 5> {^(0) ■ ^(0)}. We thus have 

= 5> { Ji-5^(J2(Afc) + J2(5fe)) } 
k=l 

This with fl2.1Up completes the second formula in the 1st step. 

2nd gf^p^ Lemma \2. 2\ is true in the general case . 

In fact, it suffices to prove Lemma 12.21 at t = 0. If necessary, take 
a smaller disk B of center 0. Then we find a linear transformation 
T : {t,z) e BxF, ^ {t,w) = {t,f{t,z)) e BxF^ such that /(t,0) = 0; 
%{t,0) = 1; f{t,^{t)) = const, c for t G B, andV:= T{n) is an 
unramified domain over B x C^. We write D(t) = f(t,R(t)), t E B, 
so that V = Ut(zB(t, D{t)) and V has two constant sections Qq : w = 
and Gc : w = c (the pull backs of Sq and by T), hence the 
variation V : t E B ^ D{t) is a case in the 1st step. For t E B, we 



consider the Lo-principal function q{t,w) and the Lo-constant (3{t) for 
{D{t),0,c), so that 

q{t,w) = log -^^+[}o{t,w) in f/o(t); 

g(t, w) = log \w-c\+ /3(t) + i)c{t, w) in Uc{t), 

where |io(t, 0), ^c(^, c) = on 5. We put Ak{t) = f{t,Ak{t)) and 
Bk{t) = f{t,Bk{t)) on which continuously vary in V with t E B 
without passing through w = 0,c. Since 

z + b2{t)z'^-\ atz = 0; 

c + ai{t){z - + a2{t){z - + • ■ ■ Sitz = ^t), 



w = f(t,z) 



where ai(t) ^ 0,a2(t), . . . ■,b2(t), . . . are holomorphic on B, we have 
q{t,z) = q{t, f{t,z)) in 7^, i.e., 

q{t, z) = log \f{t, z)-c\+ Pit) + Ut, fit, z)) at z = ^t), 

so that 

(2.11) /3(t) = ^(t) + log|ai(t)|; 

z) = Ut, fit, z)) + log| 1 + - + . . . |. 

Let ipii, ui) be a C"^ defining function of dV. Then {pit, z) := ■?/'(t, /(t, z)) 
is that of 97?., so that we have for w = fit, z) 

^^eMI kiit,w) 



I df{t,z) I ' I a/(t,^) I lai^/^ x|' 
fci(0,2;)| — 1 ds^ 



dR{0) 9z 



hiO,w) ^dqi0,z)^2 ^ f %iO,z) ^iO,w) \ dqi0,z) .2 



'ai.(o) 1^1 ' dz I ^ y,«(o) 1^1 mO,w)\ ' a. 
=: Jl + J2. 

Since ^^g')^"''* ^^l'^"* = we have by the 1st step and (12. lip 

1 f l(n M ^g(0>^) i^ , ^^rm r^^rm ^^^^ 

Jl = ki{0,W)\ CtS^ = — TT— (0) = — TT ( — (0) — ^ 



dD{0) 



dw ^ dt^ ' ^dt^ ' 2ai(0)'' 



For a fixed t E B, we write z = git,w) := f~^it,w). We put Cj(0) = 
/(0,Cj(0)) and V^- = /(0,V^),j = l,...,z/, and consider the single- 
valued conjugate harmonic function q*iO,w) of g(0,w) in l^- which 
vanishes on Cj(0). Then we find a function A;(w) G C"^(V^) such that 



^^"(0,^) = k{w)ilj{0,w) in Vj. This and the residue theorem imply 

JdD{0) 



l?(o,^) 


dtpiO,w) 
dw 1 


dq*{0,w) |2 


dg{0,w) 
' dw 


1 d^{0,w) 1 1 
1 dw ' 


dw ' 




.dq*{0,w) 


y dw 


dg(fi,w) ' 
dw 


dw 



dD{0) 

- 27r Res^=o,c | ^^(o^^) ( ) I 

...,^,o,«,o,)m-i^). 

•■. Ji + J2 = -vr ( ^(0) - 2 ^(0, m) e'(0) ), 

which is identical with the first formula in the 2nd step. 
To prove the second one, we have from the 1st step 



- - 3 



TT 

k=l 



where k2{t, w) is the Levi curvature of &D. It suffices to show that each 
term of the above formula is invariant for T : {t,z) E TZ ^ {t, w) = 
{t, f{t, z)) eV, i.e., it holds for t G 5 

. d^^jt) _ d^(3{t) _ 
^' dtdt ~ dtdt 

■■ f 7 (. M 9q{t,w) f , ^dq{t^:2 

II. / k2{t,w)\ — \dsu,= \ k2[t,w)\ — \ ds^] 

JdD(t) Jamt) c)^ 

f f 0^ q f f 0^ q 

d f ^ d f 

iv. — *dq(t,w) = — / *dq(t,z), and similar for _Bfc(t) and i?fc(t). 

In fact, i. is clear from (12. lip . Since q{t,w) = q{t,z) (where w = 
f{t,z) for {t,z) G TZ) is harmonic on each R{t), t G -B, we have in. 
and iv. Further, by the simple calculation, we see, in general, that 
k2{t,z) 1^ on dTZ is invariant under all holomorphic transformations 

T of the form T : {t, z) e TZU dlZ ^ {t, w) = {t, f{t, z)) eTZU dTZ, 
i. e., k2{t, w) = k2{t, z) \^^^^\- It follows that 

~ | (9g(t,w) |2|^ ^i dq{t,z) |2|^ I 

k2{t,w)\ — — — I \dw\ = k2{t, z)\ — — — I \dz\ 
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for z G dR{f) and w = fit,z). This implies ii. We complete the proof 
of Lemma O n 



As noted in [8j, since 71 is pseudoconvex in 71 iff k2{t,z) > on 
dTZ, Lemma [2.11 implies that, if 7Z is pseudoconvex in 7Z, then the Li- 
constant a{t) for [R[t),0,^{t)) is subharmonic on B, while Lemma 
12.21 makes the following contrast with it: 

Theorem 2.1. If 7Z is pseudoconvex in 7Z and R{t),t & B is planar, 
then the L^-constant (5{t) for {R{t), 0,^{t)) is superharmonic on B. 

3. Harmonic span and its geometric meaning 

We a little recall the slit mapping theory in one complex variable. Let 
i? be a planar Riemann surface sheeted over C2 bounded by a finite 
number of smooth contours Cj, j = 1, . . . , z/. 

Let i? 9 and let U{R) denote the set of all univalent functions / on 
R such that f{z) — ^ is regular at 0. For w = f{z) G U{R) we consider 
the Euclidean area E{f) of \ f{R) and put 

£{R)= snp{E{f):feU{R)}. 

Due to P. Koebe (see Chap.X in [5j), we have two special ones w = 
fi{z),i = 1,0 in U{R) such that /i(i?)(/o(-R)) is a vertical (horizontal) 
slit univalent domain in P^. In his pioneering work [B], H. Grunsky 
showed in p. 139-140: if we consider 

9 ■■= I (/i + /o) on R 

and Kj = —g{Cj),j = 1, . . . , z/, then each Kj bounds an unramified 
domain Gj over such that, if we denote by Ej{g) the Euclidean (mul- 
tivalent) area of Gj and put E{g) = X]J=i then E{g) > £{R). 
Then, in his substantial work [l6j, M. Schiffer in p. 209 introduced the 
following quantity S{R), which he named the span for R, 

S{R) := 3fJ{ai -61}, 

where Oi and bi are the coefficients of z (the first degree) of the Taylor 
expansions of fi{z) — ^ and fo{z) — ^ at 0, respectively, and showed 
the following beautiful results (p. 216 in [IS]): g G U{R)] each Gj,j = 
1, . . . ,1/ is a convex domain in C^, and 

E{g) = S{R) = ^S{R). 

His proofs were rather intuitive and short. The precise proofs are found 
in §12, Chap. HI in p. 

Let ^ G -R, ^ 7^ and let S{R) denote the set of all univalent 
functions f on R such that f{z) — ^ is regular at and /(^) = 0, say 

/(^) = Ci(z-0 + C2(^-0' + --- at e 
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We then put c(/) = C\[^ 0). We draw a simple curve / on R from ^ 
to 0. Let / G S{K) and w = f{z) on R. Then /(/) is a simple curve 
from to oo in P^^,, and each branch of log f{z) on i?\ / is single- valued 
univalent. Fix one of them, say r = log f{z). Consider the Euclidean 
area E\og{f) (> 0) of the complement of log/(i? \ /) in and put 

£:iog(i?)=sup{Eiog(/):/G5(i?)}. 

Now let p{z) ( q{z) ) and a be the Li-(Lo-)principal function and 
Li-(Lo-)constant for {R, 0, ^). We choose the harmonic conjugate p*{z) 
{q*{z)) on R such that, if we put P{z) = eP'^'^+'P*'^'\Q{z) = e9(^)+»9"'W) 
on R, then P{z) - \ ( Q{z) - \) is regular at 0. Then P, Q G S{R) and 
w = P{z) ( is a circular (radial) slit mapping with log \c{P) \ = a 
(log|c(Q)| = (3) and ^iog(P) = ^iog(Q) = 0. We see in §13, Chap. Ill 
in yy that P maximizes 27rlog|c(/)| + Eiog{f), while Q minimizes 
27rlog|c(/)| - Eiog(/) amongS{R). 

On the other hand, M. Nakai expected that the quantity 

(3.1) s{R):=a-(3 

will have some gemetric meaning. In [15] he named s{R) the harmonic 
span for (i?, 0,.^). Hereafter in this paper we shall show that s{R) has 
some remarkable properties not only in one complex variable but also 
in several complex variables. 
We precisely write 

P{z) = e"+^^^ {z-i) + En=2 ^niz - 0" at 

Qiz) = e^+^^° iz-0 + En=2 bn{z " iT at 
where 9i^9q are certain constants. We put 

D, := P{R) = \ U^^=iP(C,) = P^ \ U^^=i aic{Af\Afy, 

Do := Q{R) = P^ \ U,=^Q{C,) = P^ \ U^^, segment{P]'\ P]'^}. 



Here 
(3.3) 



arc{ ) , Af } = {rje'' : 6^ < 6 < Of } ; 

segment {5^"'^^ Pj.^^} = {re*^^ : < rf^ <r < rf^ < oo}. 



where < Of - < 2ti and r^-, df\ Oj.rf^ (j = 1, . . . , z/; A; = 1, 2) 

(k) (k) 

are constants. We take the points , 6^- G Cj such that 

(3.4) P(af ) = , Q(6f ) = Pf . 

By conditions (Li) and (Lq) for ^(2;) and q{z), a/ P{z)Q{z) consists 
of two single-valued branches H{z) and —H{z) on P where P(2;) has 
only one pole at z = such that H{z) — ^ is regular at 0, and H{z) 
has only at 2; = ^. We write 

H{z) = ^yP{z)Q{z) on P. 
12 



Each branch of log P{z) {log Q{z)) is also single- valued univalent on 
R\l, while log H{z) is single- valued but not univalent so far. We 
choose three branches in i? \ / such that 

r = logH{z) = ^(logP(z) + logQ(^)). 

We fix a tubular neighborhood Vj of each contour Cj with Vi (iVj = 
(i 7^ j) and Vj ^ 0, ^, where log H{z) on Vj is single-valued. Then we 
have the following geometric meaning of the harmonic span s{R): 

Theorem 3.1. 

1. Each —(logH){Cj), j = 1, ... ,1^ is a convex curve in Cr, 
and —H{Cj) is a simple closed curve in Ciu. 

2. H e S{R) and E\o^{H) = £\o^{R) = ^ s{R). 

3. Assume that R is simply connected, and let d{0, ^) denote the 
Poincare distance between and ^ on R. Then 

s{R) = 41ogcoshc/(0,0• 
The method in the proofs in Chp. Ill in [T] of M. Schiffer's results 
seems to have some gaps to prove 1. and 2. in Theorem 13. 1[ We get 
over them by the idea of using the Schottky double (compact) Riemann 
surface R of R. We also apply this idea to prove Corollary 14.11 for the 
variations of Riemann surfaces. 

Proof of Theorem Similarly to F := ^ used in p. 182 in (cf: 

(25) in [16]), we consider the following function 

(3.5) = F(z) := 4!^, zeRUdR, 

alogP 

which is a single- valued meromorphic function on R such that 3? F = 
on dR, since log P(Cj) is a vertical segment and logQ{Cj) is a horizon- 
tal segment in C^. It follows from the Schwarz reflexion principle that F 
is meromorphically extended to the Schottoky double Riemann surface 
R = RUdRUR* of R such that F{z*) = -F{z), where z* G R* is the 
reflexion point of z E R. Fix Cj,j = 1, . . . ,1^. Since 3? log P{z) = p{z) 
and 3? logQ{z) = q{z) on R, we have 

(3.6) logP{z) = ui{z) +ivi{z), logQ{z) = uo{z) + ivoiz), zEVj, 

where Ui{z){vo{z)) = const. Ci (cq) on Cj. Then Cj := logH{Cj) is a 
closed (not necessarily simple so far) curve in C^. 

1 i 

(3.7) T = -ici + uoiz)) + -{co + vi{z)), zeCj. 

Using notation fl3.4p . we shall show: 

i) {af\bf^}k =1^2 are 4 distinct points, which necessarily line cycli- 
cally, for example, {a^p ,b^j^\a^p ,b^^^) on Cj] 
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ii) the zeros of F{z) are {b^ }j=i,...,u;k=i,2 of order one, and the 

poles are {a^''^}j=i^,,,^^.k=i,2 of order one; 

iii) the curve €.j is locally non-singular in C,-; 

iv) ^F{z) > on i?; 

v) at any t & (tj, the curvature of €j is negative. 

We divide the proof into two steps. 

1** step. If we admit i), then ii) ~ v) hold. 

In fact, i) clearly implies iii). Since P{z){Q{z)) is univalent on R with 
the circular (radial) slit boundary condition, we have F{z) 7^ 0, oo on 

RyjR* and F{z) has zeros at most and poles at most a"^\ of order 
one. Thus, i) implies ii). Further, i) implies that W = F{z) is locally 
one-to-one in a neighborhood of at any z G Cj even at af\bf\k = 

1,2), so that F is a meromorphic function on R of degree 2i/. Hence, 
for each fixed j = 1, . . . ,i>, if z travels Cj all once, then F{z) travels 
the imaginary axis all just twice. It follows that F{R) is a 2z/ sheeted 
compact Riemann surface over Fw with 2(2i/ -|- — 1) branch points 
lying on Fw \{^W = 0}, and is divided by z/ closed curves F{Cj),j = 
1, . . . ,1^ into two connected parts over > and < 0. Since 
F{0) = 1, we have ^F{z) > on R and ^F{z) < on R*, which is 
iv). To prove v), fix pq G Cj and take a local parameter z = x + iy 
of a neighborhood V of po such that pq corresponds to z = and the 
oriented arc Cj fl V corresponds to / := {—p,p) on the x-axis. Then 
using this parameter, we see from 9? F{z) > on R that 



By (13.71) the subarc Tj := log H{I) of (tj in is of the form: 

r = u{x) + iv{x) = -^[(ci + uo{x)) + i{co + vi{x))], x e L 

Since the arc Tj is locally non-singular by iii), we calculate the curva- 
ture l/pj{x) at the point {u{x),v{x)) of Tj : 



(3.8) 



53F'(x) 



dF{x) 



< on /. 



dx 



Pj{x) 



1 



v"{x)u'{x) — v'{x)u"{x) v'{{x)uq{x) — v[{x)uq{x) 
(t;'(x)2 + u'(a:)2)3/2 = (t;;(x)2 + m'o(x)2)3/2 



On the other hand, by (13.61) we have, for x G / C Cj 



QF'{x) 




duo(x) _|_ ^ dcQ 
dx dx 



)} 



v'({x)uq{x) — v[{x)uq{x) 
f ^(x)2 



dx dx 



1 



(t;l(x)2 + M'o(a;)2)3/2 



■ 53F'(x). 



Pj{x) 
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Since v[{0) = iff x = a^- , (13.81) proves v) for po 7^ clj . For po = Uj , 
since v[{0) = 0, v'{{0), Uq{0) 7^ under i), v[{xY ■ is regular 

and 7^ 0. Hence < 0, wliicli proves v). 

2""^ step, i) is true. 

In fact, assume tliat R does not satisfy i). Clearly it does not occur 
{af\af} = {bf\bf} for any j, so that {af \af} n {bf\bf} con- 
sisits of one point for some j, say j = 1, . . . , z/'(< u). We denote by Oj 
such one point on Cj. Hence each (tj := \ogH{Cj), j = 1, . . . , z/' is a 
closed curve in with only one singular point at Oj := log iJ(oj) and 
F is a meromorphic function of degree 2z/ — u' on R. By the same rea- 
soning as in the 1st step, if z travels Cj,j = 1, . . . , z/' all once, then F{z) 
travels the imaginary axis all just once in C^, and ^F[z) > on R and 
^F{z) < on R*. This fact implied that ^ < for r e CTj \ {o^}. 
To reach a contradiction, we focus to Ci. We may assume Oi = of 
lti(c Ct-) and a^^^ = b^^^ = Oi on Ci(c C^). If we take a small subarc 
C[ centered at oi of Ci and identify C[ with / = (— r, r) on the x-axis 
such that Oi corresponds to G /, then the subarc T := log H{C[) of 
£1 is written 

r = ^[(a2X^ + a^x^ + ...)+ i{b2x'^ + b^^x^ + . . .)], x G /, 

where all a^, bk are real and 02, &2 7^ 0. The other cases being similar, we 
assume 02,^2 > 0. We put r'(r") = {\ogH{x) G F : x travels from 
to r ( -r )}, so that F = -F" + F'. Since l/pi(r) < for r G \ {oJ, 
Ci has a cusp singularity at Oi such that F' (F") starts at Oi whose 
tangent decreases from 62/02 > as x increases (decreases) from 
to r (— r). We put a = \ogH{a\ ') and b = \ogH{b\ '). Since the 
tangent T(r) of £1 at r = log if (2;) is T(r) = v[{z) / u'q{z) , we have 
T(a) = 0, |T(b)| = 00 and vise versa. This contradicts that is a 
closed curve with l/pi(r) < for any r G £1 \ {oi}, which proves i). 

The first assertion 1. in Theorem 13.11 follows v). Using notation 
(13. 3p . we have for j = 1, . . . , i/, 

Max,ec7,{531og//(^)} - Min,ec,{531og/f(^)} < ]^{ef - Of^) < vr, 

so that —H{Cj) in as well as — log H{Cj) in C,- is a simple closed 
curve which bounds a bounded domain in C^^,. The second assertion in 
1. is proved. To prove 2., given w' G \ Uj^]^if(Cj), we write N{w') 
for the number of z in i? such that H{z) = w' . If we denote by Wj{w') 
the winding number of H{Cj) about w', then we have Wj{w') < by 
the second assertion in 1. Since H{z) has only one pole at z = of 
order one on R, we have by the argument principle 

N{w') - 1 = J2Wj{w') < 0, 

i=i 
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so that N{w') = or 1. Hence, H{z) is univalent on R, which is the 
first assertion in 2. To prive the other ones in 2., let / G S{R). We 
put u{z) := log 1/(2)1 and h{z) := \og\H{z)\ = ^{p{z) + q{z)). Then 
u{z) — h{z) is harmonic on the whole R. Consider the Dirichlet integral 
oiu-honR, Dniu - h) := + i^r]dxdy > 0. By 

Green's formula we have 

Dr{u — h) = I udu* — / udh* — I hdu* + / hdh*. 

JdR JdR JdR JdR 

By jfj du* = 0,j = 1, . . . , z/ and condition (Li)((Lo)) for p{z){q{z)), 
we have 

I udh* = - I Mc/p* — prf-u* = 7r( log |c(/)| — a ); 

JdR 2 Jqji 

1 f 

hdu* = - / qdu* — udq* = 7t{ (3 — log \c{f)\). 



dR 2 jQfi 

.-. Dr{u -h) = I udu* + 7r(a - /?) + / hdh*. 

JdR JdR 

We put u = h/m particular, to obtain 

E,,^{H) = -[ hdh* = l{a-/3), Ei,^{H)-E,,^{f) = Dji{u-h)>0, 

JdR ^ 

which are desired. 

To prove 3., we calculate the harmonic span for the disk D = Wz\ < 
r} in C2. For ^ G Z^, we denote by p(2)(g(2;)) the Li-(Lo-)principal 
function and by the Li-(Lo-) constant for (D,0,^). We write 

P(z) ( ) the corresponding circular (radial) slit mapping on D, 
where j9(z)(g(2;)) = log |-P(-2)| ( log |(5(-2)| )• We have in § 5 in [8] 

(3.9) PW = Zi.i^.(l_£l)-, 

a = log|^(f)l = -21ogk|-log[l-(fi)% 
Putting = arg^, we also have 

(3-10) = ;^ + ^) - + ^)] 

/3 = log|^(OI = -21og|e| + log[l-(^)^]. 
Hence, the harmonic span s{D) = a — /3 for {D, 0, ^) is 
(3.11) s(D)=21og ^ 



i-(^) 
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Now let R be any simply connected domain over with R 3 0,^. 
We consider the Riemann's conformal mapping w = if{z) from R onto 
a disk D := {\w\ < r} in such that (f{0) = and ip'{0) = 1. We 
put S := (p{C,) G D. We consider the circular (radial) slit mapping 
P{w) {Q{w)) of D such that P{w) — ^ {Q{w) — ^) is regular at and 
P(S)((5(S)) = 0; the Li-(Lo-)constant 5(/3), and the harmonic span 
s{D) = 5-/3 for (5,0,2). By (EII]), we have s(5) = -2 log[l- (^)^]. 

Since P{z) := P{(f{z)) {Q{z) := Q{ip{z))) becomes a circular (radial) 
slit mapping on R such that P{z) — ^ {Q{z) — ^) is regular at and 
PiOiQiO) = 0. Thus, log|P(2)| (log|Q(2)|) is the Li- (Lo-)principal 
function for {R, 0, ^), so that the Li(Lo-)constant a {(3) for {R, 0, ^) is 

\dP , s. /.dP dip s _ dip 



a 



'°«llfa«)l = '°«(l*;(=)|-|f(f)l)=3 + log|^«)|; 



s(i?) = 5-/3 = s{D) = 21og- 



Hence, the harmonic span s{R) = a — /3 for (i?, 0, C.) is 

Since the Poincare distance c?(0,^) between and ^ in i? is equal to 

2 



log^^ — we have s{R) = 4 log cosh(i(0,^), which proves 3. □ 



Example 3.1. We certify 1. and 2. in Theorem 13.11 for the case 
D = {\z\ < r} and ^ e D. By and dXTU]) we have 

1 1 



Hiz) = ^P{z)Q{z) = - - 7' ^^D. 

Thus H{z) is univalent on D. Since C := dD = {re'^ : < 6 < 27r}, 

the closed curve —H{C) = | : < 9 < 27r}is simple and 

— log H{C) is a convex curve. Further, we have Eiog{H) = n log i_\l/r\^ ■ 
In fact, we prove it in case r = 1 and |^| < 1 for simplicity. Since 
each branch of log (^ — |) is holomorphic in \ we have 



— / log( -) = since zz = lonC 

2 Jc ^z z-\li 

—i 11—1 

— ■ 27ri [(— log( — = — t) + log(~^)] by Cauchy theorem 

1 

vr log ■ 



which is desired. By (13. lip we thus have Eiog{H) = tts{D)/2. 
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Remark 3.1. (1) Let = 1,2 be a planar Riemann surface such 
that Ri 3 0, ^. If we denote by the harmonic span for 0, then 
we have by 2. in Theorem 13.11 that -Ri C R2 induces Si > S2, even 
when Ri and R2 are not homeomorphic to each other. 

(2) Let i? be a planar Riemann surface. By the similar proof of 3., the 
harmonic span sr{0,^) for (i?, 0,^) is invariant under the holomorphic 
transformations. Thus the harmonic span sfi{^,i]) for {R,^,ri) is a 
positive function for G {R x R) \ U^(^r{C,,^). It is clear that 

SRi^,v) = sr{^,v) and, for a fixed ^0 e R, \im^_,oRSR{^o,r]) = +00. If 
we put Sji{C,,C,) = for ^ G -R, then Sji{^X) is function on R x R 
which satisfies, for a fixed ,^0 ^ there exist i^' > and 6 > such 
that 

(3.12) ^\^-^,\^ <s{^o,v)<K\v-^o\' for Ir^-^ol <5. 

In fact, we may assume i? is a bounded domain in and = E R. 
We take := {1^1 < a} m R (£ {\z\ < b} := Dj, in C,. By (1) and 
(13. lip we have, for r] E Da, 

^^°^ 1- IV&P " ^dMv) < SRiO,ri) < sdMv) = 21og^— 

which implies f l3.12p . 

We call the function sr{C,, rj) on R x R the S-function for R. 



4. Variation formulas for the harmonic spans 

We return to the variation of Riemann surfaces. In this section, as in 
section 2., we assume that 71 = Utesit, R{t)) is an unramified domain 
over B X Cz and 71 = Utesit, R(t)) satisfies conditions 1. and 2. in 
the beginning of section 2. For a fixed t E B, let p(t,z) {q(t,z)); 
a(t) {(3(t)) and s(t) denote the Li-(Lo-)principal function; the Li-(Lo- 
)constant and the harmonic span, for 0, ^(t)). Then Lemmas 12. II 

and 12.21 imply the following variation formulas: 

Lemma 4.1. 



We say, in general, that 7?. : t G -B — > R{t) is equivalent to a trivial 
variation, if there exists a biholmorphic transformation T from the 
total space TZ onto a product space B x D (where D is a Riemann 
surface) of the form T : {t,z) eU^ {t, w) = (t, /(t, z)) e B x D. 

In case R{t) is planar, following fl3.2p . on each R{t),t G -B we con- 
struct the circular and radial slit mappings: 

P{t, z) = eP(*'^)+^P(*'^)* and Q{t, z) = e'?(*'^)+^'?(*'^)* 

such that P{t, z) — - and Qit, z) — - are regular at z = 0. We put 
Di{t) = P{t,R{t)) and Do{t) = Q{t,R{t)), so that 

D,it) = \ u;=iP(t, Cjit)) = \ UJ^, arc{A«(t), Af\t)}; 

Do{t) = P^ \ U,=iQ(t, = P^ \ U^^^i segment{5f Pf (t)}. 

Theorem 4.1. Assume that IZ = UteB{t, R{t)) is pseudoconvex in 71 
and each R{t), t E B is planar. Then 

1. s{t) is subharmonic on B; 
2. if s{t) is harmonic on B, then 

(i) s{t) is constant on B; 

(ii) IZ : t E B ^ R{t) is equivalent to a trivial variation. More 
concretely, 

(o) TZ is biholomorphic to the product domain B x Di, where 
Di is a circular slit domain in P^^ such that Di = 
Wj^^iAjc'^ ■.0<e<Qj}, where Ai = 1 and each Aj{^ 
0), j = 2, . . . , z/ zs constant, by the holomorphic transfor- 
mation Tq : {t,z) eTZ^ {t,w) = {t,P{t,z)) e B xDi, 
where P{t,z) = P{t, z) /A[^\t) . 

The concrete (o) will be used in the proof of Corollary 15. 1[ 

Proof. Lemma [4.11 implies 1. To prove 2., we may assume that TZ = 
Ut<zB{t, R{t)) is an unramified domain over B x Cz such that each 
R{t), t G -B is contained in an unramified planar domain R over 
and the holomorphic section ^ is constant: tG-B— )'^(t) = lG R{t). 
Assume that s(t) is harmonic on B. By Lemma [4.H we have 

a) k2(t, 2;) = on dTZ, i.e., dTZ is a Levi flat surface over B x C^; 

b) both ^^gf^ and are holomorphic for t E B. 

By b) and the normalization at ^ = 0, both w = P{t, z) and w = 
Q{t,z) are holomorphic for two complex variables {t,z) in TZ except 
B X {0}. We put Di{t) = P{t,R{t)) C P^ for t G B, and = 
Ut£B{t, Di{t))- Since Vi as well as TZ over _B x is a pseudoconvex 
(univalent) domain in i? x P^, it follows from Kanten Satz (p. 352 

in [3]) that each edge point A^''\t) is holomorphic for t E B, and 

A^p{t) = A^^\t)e'^^^ , where Bj is constant for t E B. We consider the 
map {t,w) e T>i ^ {t,w) = {t,L{t,w)) e B x P^, where L{t,w) = 

19 



w/A'^^\t), and put Vi = Uteij(t, Di(t)) where Di{t) = L{t,Di{t)). 
Each Di{t), t & B is circular sht domain \ Uj^iCj{t) such that the 
first circular slit Ci(t) = {e*^ : < 6* < 9i} is independent of t E B, 
say Ci := Ci(t). Since 71 is biholomorphic to Vi, and each Di(t),t G B 
has no ramification points, it suffices for (o) in 2. (ii) to prove that the 

edge point Af\t) := Af\t)/A^^\t) of each arc C^^\t),j = 2,...,u 
does not depend on t E B. 

In fact, we see from b) that the function F(t, z) defined in f l3.5p : 

is holomorphic for t E B such that F{t, 0) = 1 and ^F{t, z) = 
on dR{t), i.e., F{t,z) is meromorphic function for two complex vari- 
ables {t,z) e n such that ^F{t,z) = on dTl. We put Kj{t) = 
F{t, Cj{t)),j = 1, . . . , 1/ in F\Y. In the 1st step of the proof of 1. in 
Theorem 13.11 we proved that Kj{t) rounds just twice on the imaginary 
axis in Fw We put W{t) = F{t, R{t)) and W = UteB{t, W{t)), so that 
dW = UigB(t, Wj^^Kjit)), and 7^ ^ W (biholomorphic) by T : [t, z) e 
n ^ {t, W) = (t, F{t, z)) G W. Thus, W{t) has 2z/ + ^ - 1 ramification 
points. Consider the following biholomorphic mapping {t, W) G W — )■ 
{t,w) = {t,G{t,W)) G Pi, where G{t,W) := L{t, P{t, F-\t,W))). 
We use the following elementary fact: 

(*) Let B = {\t\ < p} in Cf and E = {\z\ <r}n{^z>0} in C,. 
If f{t, z) is a holomorphic function for two complex variables {t, z) on 
Bx E such that \f{t,z) \ = 1 on Bx{En{^z = 0}), then f{t,z) does 
not depend on t E B. 

We choose a point Wq on dKi{0) C dW such that G{0,Wo) = 
gj6»o ^ (j^ ^j^]^ < < 6i and the direction of Ci at e*^" follows 
as 6*0 increases. Then we have a small disk Bq (Z B of center and a 
small half-disk E = {\W - Wo\ < r} n {^W > 0} in Cw such that 
\G{t,W)\ < 1 (= 1) on Bo X E {Bo X [e n {^W = 0})). By (*), 
G{t, W) foT W e E n {^W > 0} does not depend on t G Bo- By the 
analytic continuation, G{t, W) on W U dW does not depend out E B. 

Now assume that some A^p{t)^ 2 < 3 j < z/ is not constant for t E B. 
We take a point Wo G Cw with 3? = 0. Since the component Kj(t) 
of dW{t) winds twice around the imaginary axis in Fyy, for each t E B 
we find 4 points of Kj{t) over Wq. We fix one of them, say Wo{t) G 
Kj(t), to whom the corresponding point Zj(t) G Cj{t) continuously 

varies in dTl with t G B. Since Cj{t) = G{t,Kj{t)) = {Af\t)e'^ : 
< 6 < Qj}, where 0j is constant for t E B, we have G{t,Wo) = 
Af\t)e''^^*\ where e{t) (0 < e{t) < Qj), continuously varies with t E B. 
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Since |y4^-^''(t)| as well as A^j^\t) is not constant for t G B, G{t, Wq) does 
depend on t G -B, a contradiction, and 2. (ii) is proved. 

From (2) in Remark 13.11 the harmonic span s{t) for {R{t), 0,1) is 
equal to that for {Di{t), oo, 0). Since Di{t) = -Di(O) for any t E B, s{t) 
is constant on B, which proves 2. (i). □ 

For 2. (ii) in Theorem 14.11 we cannot replace the condition of the 
harmonicity of s{t) on B by that of a{t) or P{t) on B, in general. 
However, when R{t),t E B is simply connected, such replacement is 
possible by the same idea of the proof of 2. (ii). 

Corollary 4.1. Assume that TZ = UteB{t, R{t)) is pseudoconvex over 
B X Cz and each R{t), t E B is planar. Then the S-function s{t,C,,f]) 
for R{t),t E B is plurisubharmonic on TZ^ := UteB{t, R{t) x R{t)). 
In particular, for a fixed to G B, we simply put R(to) = R and s{to, ^, rj) 
= 'S(^) v)- Then s(^, 77) is plurisubharmonic on Rx R such that, for 
any complex line I except ^ = rj in R x R, the restriction of s{^,r]) on 
I n {R X R) is strictly subharmonic. 

Proof Let t e B ^ {^{t),v{t)) ^ R{t) x R{t) be any holomorphic 
mapping from B into 71^. We put s(t) := s(t,^(t),ri(t)) for t E B, and 
B' = B\{t e B : ^(t) = r]{t)}. Consider the translation T : (t,z) G 
7^ (t, w) = {t,z- r]{t)) for t G B', and put TZ := T(7^) and ^= T^. 
Then TZ is pseudoconvex over B' x and ^ G T{B', TZ). By Theorem 
14. H the harmonic span 's{t) for {R{t), 0,C,{t)) is subharmonic on B', 
and so is s{t) on B'. It follows from fl3.12p that s{t) is subharmonic 
on B, which proves the former part in the corollary. Further, by the 
same argument we can prove the latter part under the second variation 
formula in Lemma 14.11 and (13.121) . □ 

Theorem 14.11 with 3. in Theorem 13. II directly implies 

Corollary 4.2. Assume that TZ = UteB{t, R{t)) is pseudoconvex over 
B xCz and R{t), t E B is simply connected. Let C,i G T{B, TZ), i = 1,2 
and let d{t) denote the Poincare distance between ^i(t) and ^2{t) on 
R{t). Then 6{t) := log cosh d{t) is subharmonic on B. Moreover, 5{t) 
is harmonic on B if and only if TZ is equivalent to the trivial variation. 

Prof. M. Brunella said to us that he could prove the stronger fact: 
"logd{t) is subharmonic on B" than "6{t) is subharmonic on B" by 
the same idea in p. 139 in [1] which is based on [2], (though there was 
not its exact statement). 

Remark 4.1. (1) In §2 and §3, TZ = Ut,zB{t, R{t)) is assumed to be 
a subdomain of an unramified domain TZ = Ut^sit, R{t)) over B x Cz 
which satisfies conditions 1. and 2. stated in §2. By the standard use 
of the immersion theorem for open Riemann surfaces in [7j or [13], the 
results in §2 and §3 hold for the following TZ: let B = {t E C : \t\ < p} 

and let 7r : 7^ — 7- i? be a two-dimensional holomorphic family (namely, 
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7^ is a complex two-dimensional manifold and vr is a holomorphic pro- 
jection from TZ onto B) such that each fiber R{t) = 7r~^()f:), t G -B is 
irreducible and non-singular in TZ. Putting 71 = UteBit, R{t)), our 71 
is a subdomain of TZ defined hj TZ = UteB(t, R(t)) C 7Z which satisfies 
the corresponding conditions 1. and 2. 

(2) In conditions 1. and 2., if we replace C"^ smooth by C°° smooth, 
i.e., 7Z : t E B ^ R{t) d R(t) is a variation such that dR{t),t E B is 
C°° smooth in R{t) and dTZ is C°° smooth in 7Z, then the results in 
§2 and §3 hold by replacing by C°°. In fact. Lemmas 12.11 and 12. 2[ 
on which all results are based, hold for the C°° category by a little not 
essentially change of the proofs for the category (cf: §2 in [TT]). 

5. Approximation theorem for general variations of 

PLANAR RIEMANN SURFACES 

We consider the general variation of Riemann surfaces 7^ : t G A — )■ 
R{t) defined as follows: let A be an open or a compact Riemann surface 
and TT : 7^ — 7- A be a two-dimensional holomorphic family such that 
each fiber R{t) = 7i^^{t), t G A is irreducible and non-singular in 7Z 
and is planar. In case A is open, we assume that 7Z is Stein. We call 
such 7Z the variation of type (A). In case A is compact, we assume that, 
for any disk B C A, 7Z\b is of type (A), i.e., it~'^{B) = Ut^B{t,R{t)) is 
Stein. We call such 7Z the variation of type (B). In general, R{t) might 
be infinite ideal boundary components and 7^ : t G A — )■ R{t) might 
not be topologically trivial. To state the approximation theorem for 
these variations 7Z we make the following 

Preparation. Let A and vr : 7^ — )■ A be of type (A). Due to Oka- 
Grauert (cf: Theorem 8.22 in [H]), 7Z admits a C"^ strtictly plurisub- 
harmonic exhaustion function ilj{t,z). Let ^, 77 G r(A,7^) such that 
^ n ?7 = 0. Let i? d A be a small disk such that we find a con- 
tinuous curve g{t) connecting ^(t) and rjit) on R(t), t & B which 
continuously varies in 7Z with t G B. We put 7Z\b = Utesit, R{t))', 
C\b = UteB{t,^it)); v\b = UteB(t,r/(t)), and g\B = UteB{t, git))- We 
take so large a 1 that 7Z{a)\B '■= {(t,z) G 7Z\b '■ i'itjz) < a} D g\B. 
Then we find an increasing sequence {a„}„ such that lim„_j.oo a„ = 00 
and if we put 

(5.1) 7Zn = the conn. comp. of 7Z{an)\B which contains qIb, 

then 1) each 7Zn,n = 1,2, ... is a connected domain with real three- 
dimensional surfaces dTZn in 7Z\b (but each Rn{t),t G B is not 
always connected); 

2) if we consider the set £ of points t E B such that there exists a 
point {t,z{t)) G dTZn with ^{t,z{t)) = 0, then C consists of two kind 
of families C, C" of finite C"^ arcs in B: 
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L — {/]^, . . . , L — {/j^, . . . , /^}, 

which have the following property: 

for CJ : for any G CJ (except a finite set at which some l\ and I'j 
or l\ itself intersect transversally) , say tg ^ ^'v 9Rn{to) (consisting of 
a finite number of closed curves) has only one singular point at z(to), 
and we find a small bi-disk Bq xV centered at (to, z{to)) in TZn+i such 
that Bo B and Z- fl Bq divides Bq into two connected domains Bq 
and Sq in the manner that 

i) each dRn{t),t E B'qU Bq has no singular points; 

ii) each dRn{t),t E l'^ Cl Bq has one singular point z{t) at which 
two subarcs of dRnit) transversally intersect; 

iii) each -R„(t) n V, t e -Bq U (/• fl Bq) consists of two (connected) 
domains, while each Rn{t) n V, t e Bq consists of one domain; 

for C": for any to E C" (except a finite point set), say to e , we find 
a unique point (to, -^(to)) G dlZn with ^(to, -^(to)) = 0, and a small bi- 
disk BqxV centered at (to, ^^(to)) in 7^n+i such that Bq <^ B and I'IP^Bq 
divides Bq into two connected domains Bq and Bq] a C"^ mapping 3: 
tel'(r\BQ^ z{t) such that (t, z(t)) e 97^„ with g(t, z(t)) = in the 
manner that 

i) [Rn{t) u dRnit)] n K = for t e 5^, u (/f n Bq); 

ii) -Rn(t) n V for t G -Bq is a simply connected domain 5„(t) such 
that, for a given t° G fl Bq, Sn{t) shrinkingly approaches the 
point ^(t°) as t G B'^ t°. 

For the singular point z{t),t G I'l C we have the connected 
component C(t) of dRnit) passing through zit). Then C(t) consists 
of one closed curve, or two closed curves Ciit),i = 1,2 such that 
Cit) = Ci(t) U C2(t) and Ci(t) n C2(t) = zit). For example, in fig- 
ure (Fill) below, C(t) consists of one closed curve, and in figures (FI), 
(FII), C(t) consists of two closed curves. 

For the singular point 2;(t), t G I'- C we have (t, zit)) G 97?.„ but 
zit) ^ dRnit). 

Fix t E B and n > 1 and consider the connected component -R^(t) 
of Rnit) which contains git). We put TZ'^ — UtgB(t, -R^t)) and dTZ'^ — 
\JteBit,dR'^it)). The variation 

n',:teB^ R'^it) 

is no longer smooth variation of -R^(t) with t E B, i.e., TZ'^ satisfies 
neither corresponding condition 1. nor 2. of TZ in §2. Since i?(t) is 
irreducible in IZ, we have -R^(t) d i?^_,.i(t); TZ'^ TZ\b (n ^ 00), and 
R'^it) i?(t) (n ^ 00) for t G 5. 

By i), n) for there exists a neighborhood V of \Jt&c"it, zit)) in 
7?.„+i such that [RJ^ U 97?.^] n V = 0, so that C" does not give any 
influence for the variation TZ'^, (contrary to for TZn). 
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Each R(t),t G A is assumed planar. We separate the singular point 
z{t) of dRn{t),t e /• C £' such that z{t) G dR'^{t) into the following 
two cases (cl) and (c2): let C(t) denote the connected component of 
dRn{t) passing through z(t). Then 

(cl) C(t) consists of two closed curves Ci{t),i = 1,2, and one of 
them, say Ci(t), is one of boundary components of R'nit), so 
that [C2(t)\{z(t)}]nai?;(t) = 0; 
(c2) C(t) is one of the boundary components of R'nit)- 
For example, if we take the shadowed part in figure (FI) (resp. (FII), 
(Fill)) as R'nit), then the singular point zit) is of case (cl) (resp. (c2)). 




Rnit'),t' e B', R^(t),t e k Rnit"),t" e B'^ 

For t E B we consider the Li-(Lo-)principal function Pnit, 2;)(g„(t, z)) 
and the harmonic span s„(t) for (_R^t), ,^(t), r7(t)). Then we have 

Lemma 5.1. (S. Hamano [9]^ Let 71 be a Stein manifold and each 
Rit),t E A is planar. Then 

1. Pnit,z) and qnit,z) are continuous for it,z) in IZ'^, and s„(t) 
is continuous on B; 

2. assume that at each singular point zit) of dRnit), t E 1'^ G C 
such that zit) G R'nit), case (cl) only occurs. Then 

(i) pnit,z) and qnit,z) are of class for it,z) on IZ'n \ 

{i\B,v\B}; 

(ii) s„(t) is subharmonic on B. 

3. there exist counter-examples for case (c2) such that pnit,z) 
or qnitjz) is not of class on IZ'n \ {^I-Bj ''71b}; o.''^^ s„(t) is 
neither of class on B nor subharmonic on B. 
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As an example of figure (FI), let B = {\t\ < 1/10}; D = {\z\ < 2}; 

= (e-^o°+l*lVk - in - 1;^2 = - 1| - (1 - 2m - \t\^);tp3 = 
(e-io°+l*lVl-2 + in -1 and 7^ = {{t,z) e B x D : i^i < 0,tlj2 < O^tps < 
0}, so that dTZ is strictly pseudoconvex in B x D. Then the arc 
/' = {t e 5 : 23fJt + |tp = 0} divides B into two domains B' U B" such 
that the connected components of dR{t),t G I' consists of two circles 
ipiit, z) = 0, ip3{t, z) = and the leminiscate C : 1^;^ — 1| = 1 which is 
singular at z(t) = 0. 

As an example of C". Let B, D be the same as above. Let ip{t, z) := 
l^-tp + |tp + 23f?t and put 7^ = {{t,z) e B x D : i){t,z) < 0}. Then 
the arc I" = {t e B : (j){t) = 0}, where = -|tp - 23? t, divides B 
into two domains = {t e B : (p{t) < 0(> 0)} such that R{t) = 

for t e B'U I" and i?()f:) = {\z - t\'^ < 0(t)} for t G B" . The mapping 
3 : t G /" ^ ^(t) = t so that G 97^ but t ^ dR{t), and each 

R{t),t G -B" is a disk {|2 — t\ < (pit)} which schrinkingly approaches 
the point 2; = t° as t t° G 

Since the Stein manifold admits a C"^ strictly plurisubharmonic ex- 
haustion function, we immediately have 

Lemma 5.2. Let TZ : A R{t) be of type (A) or (B), and let ^,?7 G 
r(A, TZ) such that ,^ fl = 0. Assume 

{•k) R{t),t E A is homeomorphic to a domain D in bounded by 
V boundary component such that 1 < z/ < 00 and v is indepen- 
dent oft G A. 

Then, for any to ^ ^> there exists a small disk B A of center t^ 
such that we find an increasing sequence {TZ'njn of case (cl) such that 
lim„_^oo7?.^ = TI\b- 

Now we consider the variation 7^ : t G A — )• R(t) of type (A). Let 
^, ?7 G r(A, 7^) such that ^ n 77 = 0. We fix so small disk B A that 
we can fix local parameters (t,z) of ^\b and tiIb in 71\b and {TZn}n 
satisfies conditions in Preparation to these A and B, precisely saying, 
similar to (15.11) we define 

(5.2) Tin = the conn. comp. of 7^(a„)|B which contains g\B, 

which satisfies conditions 1) and 2) in Preparation. We put Tin = 
Ut^B{t, Rnit)), and for t G -B we denote by R'^it) the connected compo- 
nent of i?„(t) which contains (7 Is (d ^(t), 77 (t)) and put Tl'n = Ut,^B{t, Rn{t)). 
We then have the Li-(Lo-)principal function pnit, z){qn{t, z)); the Li- 
(Lo-)constant a„ (/3„) and the harmonic span s„(t) for {R'^{t) , $,{t) , rj{t)) . 
In one complex variable it is known (cf: §8, Chap. Ill in [1]) that, for 
a fixed t E B, pn{t, z){qnit, z)) uniformly converges to a certain func- 
tion p(t, z){q{t, z)) on any compact set in R{t) \ {^(t),ri(t)}. Thus 
p{t, z) {q(t, z)) is harmonic on R(t) \ {C,(t),ri(t)} with the same pole as 
Pn{t,z){qn{t,z)) at^(t) and?7(t). Putting a(t)(/3(t)) = lim^^r,{t){p(t, z)- 
\og \z - r]{t)\) (\ira^^ri{t)iqit, z) - log |z - ?7(t)|)), we have a^it) 
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a{t) {/3n{t) — )■ /3{t)) as n — cx). We call p{t, z){q{t, z)) the Li-{Lq- 
)principal function and s(t) := a(t) — (3(t) the harmonic span for 
{R(t),C,(t),ri(t)). Since i?(t) is planar, we have 

(5.3) Sn(t) \ s(t) as n — !■ oo, t E B. 

Their proofs in pQ also imply that, given K d 71\b \ {^\b,v\b}, for 
sufficiently large n, 

(5.4) Pn(^, -z), Quit, z),p{t, z), q{t, z) are uniformly bounded on K. 

Note that p{t, z), q{t, z), a(t), f3(t) depend on the choice of local param- 
eters of and 77 1^ but s{t) does not depend on them, so that s(t) is 
a non-negative function on A. 

Using these notations we have the following approximation 

Theorem 5.1. Let TZ : t e A ^ R{t) be of type (A) and let ^,7] e 
r{A,TZ) such that ^ fl 77 = 0. Let s(t) denote the harmonic span for 
{R{t,^{t),r]{t)),t e A. Assume 

(*) for any to £ A, there exists a small disk B A of center t^ 
such that we find an increasing sequence {7?.^}n of case (cl) 
such that lim„_j.oo TZ'n = '^\b- 

Then 

1. s{t) is subharmonic on A; 

2. (Simultaneous uniformization) if s{t) is harmonic on A, then 
TZ is a biholomprphic to a univalent domain m A x P. 

Proof. To show 1. let to ^ Then we have a disk B G A which 
satisfies condition (*). By 2.(ii) in LemmaEB s„(t) is subharmonic 
on B, hence s(t) is suharmonic on B, and on A. To prove 2., we cover 
A by small disks {-Bi}i=i,2,... with condition (*), i..e, for fixed Bi, we 
find an increasing sequences {'R-n}n (depending on Bi) such that each 
TZ'^, n = 1, 2, ... is of case (cl ) and lim„^oo TZ'n = T^lBi- We divide the 
proof of 2. into two steps. 

I''* step. Each TZlsi, i = 1,2, ... is biholmorphic to a univalent do- 
main Vi in B X P. 

In fact, we simply write B = Bi. We put TZ'^ = UtgB(^, -Rn(^))? ''^ — 
1,2,... and consider p„(t, z), qn(t, z) and s„(t) for each {R'^{t),^{t),rj{t)), 
t G -B as above. We put 

P„(t, z){P{t, z)) = eP"(*'^)+*P"(*'^)* (eP(*.^)+»p(*.^)*); 

Qn{t,z){Q{t,z)) = e'?"(*'^)+*'?4t,^)* ^^q(t,z)+iq(t,zry 

which are normalized 

(5.6) + ao{t) + ai{t){z - C{t)) + . . . at z = ^{t). 

For a fixed t E B, Pnit, z){Qn(t, z)) uniformly converges to P(t, z){Q(t, z)) 
on any compact set in R(t); w = Pnit, z){Qn(t, z)) is a circular (radial) 
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slit mapping on R'n{t), and hence P{t, z){Q{t, z)) is an univalent func- 
tion on R(t). We call such P(t, z){Q(t, z)) the circular (radial) slit 
mapping for {R(t),^(t),ri{t)). For the 1st step it suffices to show 

(a) the harmonicity of s{t) on B implies that P{t, z) is holomorphic 
for two complex variables {t, z) in TZ\b \ {^\b} ■ 
In fact, fix a point (tQ,zo) in 71\b \ {(,\b,v\b} and let Bq x V 
T^Ib \ {^iByVls} be a bi-disk centered at {tQ,zo), a local coordinate of 
a neighborhood of (to, -^o)- We put /(t, z) := for (t, z) G Bq x V. 

From f l5.6p it suffices for (a) to prove that f{t,z) is holomorphic for 
(t,z) in Bq X V. Since each f(t,z),t G -Bq is holomorphic for 2; G 
and f{t,z) is uniformly bounded in BqxV by (15.41) . it thus suffices for 
(a) to show that, for any fixed z' G V, it holds ^■^^gj = on Bq in the 
sense of distribution, i.e., it holds, for any ip(t) = ip{ti+it2) G C^{Bq), 

(5.7) I:= [ f{t,z')^^dtidt2 = 0. 



I = — hm / / fn(t,z) — -^dtidt2dxdy. 
rrri n-,00 I I „^,r dt 



J Bo dt 

To prove this by contradiction, assume / 7^ 0. We fix a small disk 
Vb = {1-2 — -z'l < tq} V of center z', so that we have -R^(t) D Vq for 
any t ^ Bq and n > 3 no- We see from the mean- value theorem for 
holomorphic functions for z that 

/ = — 2 // /(t,^) dtidt2dxdy. 
^^0 J JboxVo d^ 

Since /„(t, z) := ^^g^^*'^-* — > /(t, z) (n — )■ 00) uniformly on Vq for a fixed 
t E Bq and since /n(t, 2;), /(t, z) are uniformly bounded in i?o x Vq by 
(15. 4p . it follows from Lebesgue bounded theorem that 

Jn{l^,Z^ 

'0 '"^JJBoxVo 

■III fnit, z) ^'^^^ dtidt2dxdy\ > — > for any n>3N. 
^ T^r^Q J J B.^Vo dt I 2 

On the other hand, using 2.(ii) in Lemma [5.11 under condition (*) in 
Theorem 15. H we see that, for a fixed z E Vq, Pnit, z), and hence /„(t, z) 
is of class for t E Bq. It follows that 

/ Ut,z)^dt,dt2 = - [ ^it)^^^dt,dt2. 

Jbo dt Jbo dt 

Hence, putting Iq = ^!Ifl^ > 0, we have from Schwarz inequality 

Il<{ll W)\^dt^dt2dxdy) ( / / \^h^^\^dt^dt2dxdy) 

JJbqxVo J J BqxVo dt 

=: C f f I \ '^dtidt2dxdy, 

JJboxVo dt 
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where C > is independent of n. Lemma 14.11 and ni) for C in Prepa- 
ration for the pseudoconvex domain imply 

0<- / ff-^j'\ \xdy<^^ for.njteB\C'. 



jR'jt) dt dtdt 

Since C (depending on n) consists of a finite number of arcs in B; 
R'n{t) D Vq for n > rio, and G C^{Bq xVo),it follows that 

JJ(Bo\C')xVo Ot 4 7bo\£' OTCt 



We fix a disk Bi : Bq m Bi B and a function > on 5i 

such that ^pi{t) = 1 on Bq. Since ^ q^qj^ > on i?i \ C, we have 

Jbo\c' dtdt Jb^\c' dtdt 



Since is of class on i? and = on dBi, we have 
Mt)^Sf^dtidt2 = / ZJt dtidt2, 



B^\a dtdt Jb^ dtdt 



both being equal to -\ /^^(^ff + ^^)dtidt2. We have by ([LSD 
r2 Cn f , ,d^y^i(t) , , 

— )■ — — / sit) — ^ ^- dt\dt2 as n — )■ CX3 

= by the harmonicity of sif) on S, 

which is a contradiction, and the 1st step is proved. 

step. Assertion 2. is true. 
In fact, fix Bi,i = 1,2,... and let Pi{t,z) denote the circular slit 
mapping for {R(t),^(t),r]{t)) used in (a) in the 1st step for TZlsi- From 
the theory of one complex variable, for a fixed t E Bid Bj, there exists 
aij{t) 7^ such that Pi(t,z) = aij{t)Pj{t, z) on R{t). Since aij{t) is 
holomorphic on Bi fl Bj and since A is an open Riemann surface, we 
have nonvanishing holomorphic function ai{t) on Bi such that aij{t) = 
aj{t)/ai{t) on Bi fl Bj. Thus, ai{t)Pi{t, z) on Bi, i = 1,2, . . . defines a 
holomorphic function V{t, z) on TZ, so that T : (t, z) G 7?. — > (t, w) = 
[t, V{t, z)) eB X proves the 2nd step. □ 

Corollary 5.1. (Rigidity) Let 7^ : t G A — )■ R{t) be a variation of 
type (A) or (B) and let & r{A,7l) such that ^ ^ f]. Let s{t) 
denote the harmonic span for each {R{t),C,{t),r]{t)),t G A. Assume 
that R{t),t G A satisfies condition {-k) in Lemma \5.2 . Then 
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1. in case when TZ is of type (A), s{t) is subharmonic on A. 
Moreover, if s{t) is harmonic on A, then TZ is equivalent to a 
trivial variation; 

2. in case when TZ is of type (B), s{t) is constant on A. Moreover, 
if there exists at least one ideal boundary component C{t) of 
R{t),t e A such that 

(i) C{t) moves homotopically with t E A in IZ; 

(ii) each C(t),t G A is positive harmonic measure on R{t), 
then TZ is equivalent to a trivial variation. 

Proof. The proofs of assertions 1. and 2. are essentially same, we give 
the proof of 2. By Lemma [5.21 and 1. in Theorem 15. H s{t) is subhar- 
monic on the compact A, so that s{t) is constant on A. By Lemma [52] 
we cover A by small disks {-Bj}j=i,2,... which satisfies condition (*) in 
Theorem 15. 11 Since s{t) = const, on Sj, it follows by the proof of 2. in 
Theorem 15. II that the circular slit mapping Pi(t,z) for {R(t),^(t),ri{t)) 
for t E Bi is holomorphic for t G -Bj. Since Di(t) := Pi(t,R(t)) is 
a circular slit domain with ly circular arcs {Af\t),Af\t)} (which 
might reduce to a point, i.e., A^p{t) = A^^\t)) for some j), it fol- 
lows from Kanten Satz that A^^''\t),k = 1,2; j = is holo- 
morphic on Bi. For each i = 1,2,... we conventionally rename arc 
{A^^\t),Af\t)} = P,{t,C{t)), where C{t) is stated in 2. By the 
homotpy condition (i), Ai{t) is single- valued on A. By (ii), the arc 
{A^^^A^^''} does not reduce to a point. By the same argument in 
3. (ii) in Theorem 14. 1[ we see that that Pi{t, z) := Pi{t, z) / A^^\t) is 
independent of t e B^, hence so is of i = 1,2, . . .. We denote it by 
V{t,z) = Viz) on 7^. Then Tq : (t, 2) G 7^ -> {t,w) = {t,V{z)) biholo- 
morphically maps TZ onto A x Di where Di is the same form (o) in 
(ii) in Theorem 14.11 (but some boundary components of Di might be 
points Aj). □ 

Applying Corollary 15.11 to the case when each R{t),t G A is simply 
connected, we have 



Corollary 5.2. Corollary 4-2 holds under the weaker condition that 
TZ = UteBit, R(t)) is a Stein manifold. 
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